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FLOER THEORY FOR HAMILTONIAN PDE 
USING MODEL THEORY 

OLIVER FABERT 


Abstract. Under natural restrictions it is known that a nonlinear 
Schrodinger equation is a Hamiltonian PDE which defines a sym- 
plectic flow on a symplectic Hilbert space preserving the Hilbert 
norm. When the potential is one-periodic in time and after passing 
to the projectivization, it makes sense to ask whether the natural 
analogue of the Arnold conjecture holds. After employing methods 
from non-standard model theory, we show how Hamiltonian Floer 
theory can be used to prove the existence of infinitely many fixed 
points of the time-one flow of nonlinear Schrodinger equations of 
convolution type. 
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1. Hamiltonian partial differential equations 

Nonlinear Schrodinger equations play a very important role in mathe¬ 
matical physics. In contrast to the well-known linear Schrodinger equa¬ 
tion describing the time evolution of the quantum wave function of a 
single particle, nonlinear Schrodinger equations describe multi-particle 
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systems, where the nonlinearity models the interaction between differ¬ 
ent particles. An example of a nonlinear Schrodinger equation is the 
so-called Gross-Pitaevskii equation 

idtu = —Au + c\u\‘^u + V{t,x)u, 

which plays an important role in the theory of Bose-Einstein conden¬ 
sates. Here u = u{t,x) G C is a complex-valued function depending 
on space and time, dt is the derivative with respect to the time t G M, 
A denotes the Laplace operator with respect to the spatial coordinate 
X, V {t, x) is a time-dependent exterior potential and c G M is a scalar 
whose sign depends on whether the particles are attracting or repelling 
each other. 

Nonlinear Schrodinger equations are important examples of 
Hamiltonian partial differential equations, where we refer to [5] for 
definitions, statements and further references. This means that they 
can be written in the form dtU = Xf^{u), where the Hamiltonian 
vector field is determined by the choice of a (time-dependent) 
Hamiltonian function H = Ht and a linear symplectic form u. Here 
a bilinear form wiEIxIHI^Mona real Hilbert space El is called 
symplectic if it is anti-symmetric and nondegenerate in the sense that 
the induced linear mapping : El —)• El* is an isomorphism. As in the 
finite-dimensional case it can be shown that for any symplectic form 
u there exists a complex structure Jq on El such that u, Jq and the 
inner product (•, •) on El are related via (•, •) = ojf, Jq-). 

In the case of nonlinear Schrodinger equations on the circle = 
M/27rZ, one chooses the Hilbert space El = L‘^{S^,C) of square- 
integrable complex-valued functions on the circle. The symplectic form 
u = {i-, ■) is given by pairing the standard complex structure Jo = i 
with the standard real inner product on In order to stress 

the relation with the finite-dimensional case of = C"^, note that, 
using the Fourier series expansion 

OO OO 

u{x) = u{n) ■ exp{inx) = exp(ma;) -|- pn exp{—inx), 

n=—oo n=0 

the symplectic Hilbert space C) can be identified with the space 

£^(C) of square-summable complex-valued series m : Z —)■ C, equipped 
with the symplectic form oj = (T, •) = Yl’^=o^Pn ^ The corre¬ 
sponding Hamiltonian function is of the form 

I‘2tt I 12 i‘2tt ^ 

Ht{u) = / -A—dx + Ftiu) with Ft{u) = j -f{\u\^,x,t)dx, 

Jo ^ Jo ^ 

where / is a smooth, real-valued function on M+xAi X M. 
Note that the Gross-Pitaveskii equation is recovered by setting 
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/(|Mp, X, t) ■.= cl2 ■ \u\^ + V{t, x) ■ \u\^ 


2. Nonlinear Schrodinger equations of convolution type 

While the symplectic form uj is nondegenerate on the 

Hamiltonian Ht is only well-dehned and smooth on its dense subspace 
C). While this is immediately apparent for the first summand 
as it involves the hrst derivative, observe that even the Hamiltonian Ft 
modelling the nonlinearity is not dehned on all of El when the resulting 
Schrodinger equation is truely nonlinear. This in turn immediately 
leads to problems with the existence of the corresponding Hamiltonian 
flow (f)ti describing the time-evolution of solutions of the nonlinear 
Schrodinger equation. 

We start with the case of the free nonlinear Schrodinger equation, 
that is, when the nonlinearity / is equal to zero. Although the Hamil¬ 
tonian vector held X^{u) = iAu of the resulting Hamiltonian given by 
is only dehned on it is easy to see that the resulting 

linear how given by 

= exp(ifA)(M) = 

k=0 

extends to the full symplectic Hilbert space El = C). In order to 

see this, observe that, after applying the Fourier transform, the linear 
how, still denoted by 0°, is given by 

0°('u)(?7.) = exp^+itn^) ■ u{n) for all n eN, 

that is, in every frequency it multiplies the Fourier coefficient by a 
complex number of norm one. 

On the other hand, if the Hamiltonian Ft describing the nonlinearity 
is only densly dehned, it is typically a very hard problem to establish 
the existence of a corresponding Hamiltonian how on the full phase 
space El. The problem is that the how on El is no longer the unique 
solution to an ordinary diherential equation given by the Hamiltonian 
vector held Xf. In order to circumvent problems arising from missing 
regularity in the nonlinear term, in this paper we restrict ourselves to 
nonlinear Schrodinger equations of convolution type, see [9j. Instead 
of considering density functions of the form /(|Mp,x,t), from now on 
we consider density functions of the form f{\u * 'ip\^,x,t), where G 
M) is some hxed smoothing kernel and / still denotes a smooth, 
real-valued function on M"*" xS^ x M. Redehning 

/.27r ^ 

Ft{u) := J -f{\u*'if\'^,x,t)dx, 



4 


O. Fabert 


the comparison with the above example and a short computation show 
that the resulting nonlinear Schrodinger equations are given by 

idtu = —Au + 

where dif means derivative with respect to the first coordinate. 

Nonlinear Schrodinger equations of convolution type describe multi¬ 
particle systems with nonlocal interaction. We collect two important 
observations about these equations in the following 

Lemma 2.1. For every nonlinear Schrodinger equation of convolu¬ 
tion type the resulting flow (ft is defined on the full Hilbert space 
El = L^{S^,C). Furthermore it preserves the Hilbert space norm and 
hence descends to a symplectic flow on the projective Hilbert space P(]HI) 
equipped with the Fubini-Study form. 

Proof. Since the convolution of a function u G L‘^{S^,C) with the 
smooth function ensures that the resulting function is smooth, i.e., 
u * if E C°°{S^,C), it immediately follows that resulting Hamiltonian 
Fflu) is well-dehned and smooth on the full symplectic Hilbert space. 
In particular, the existence of a smooth Hamiltonian flow <pf on all of 
El is ensured by the fact that it is dehned by an ordinary differential 
equation on El. Since the same argument still holds true after replacing 
Ft hj Gt '.= Ft o 0° j with the linear symplectic flow 0° on El, we see 
that the flow (ft := (ffl of the full Hamiltonian Ht = H^ + Ft given by 
(ft = (ffl = (ff o (f^ is also dehned and smooth on the full symplectic 
Hilbert space El = C). 

In order to prove that the how (ft preserves the L^-norm, we hrst 
observe that this obviously holds true for the how 0° in the free case, 
and we hence only need to show that it holds true for the how of Ft (and 
hence of Gt). For this it suffices to show that, at every point u G El, the 
symplectic gradient X^{u) = Xfl{u) = idif{\u*if\‘^.iXfl){u*if)*if G El 
is perpendicular to u with respect to the real inner product on El = 
First observe that the statement is immediately clear if u 
is truely real (that is, u{x) G M C C for all a; G or truely imaginary, 
as in this case Xfl {u) is truely imaginary, or truely real, respectively. 
For the general case write u = ur + iui and X^{u) = Xfl{u) + iXf {u) 
with real-valued functions ur,ui, X^, Xf. In this case we can use 
the compatibility of the real L^-inner product with the product and 
convolution of functions to show that 

{uR,dif{\u*if\‘^,x,t){ui*if)*if) = {ui,dif{\u*if\‘^,x,t){uR*if)*if) 

which in turn proves that {u,X^{u)) = {uj, X^{u)) — {ur, X[{u)) = 

0 . □ 
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In what follows we view the projective Hilbert space as quotient of 
the unit sphere S(]HI) in El by the action of t/(l) = S^, P(]HI) = S(]HI)/S'^. 
Note that studying the (nonlinear) Schrodinger equation on P(]HI) in 
place of El is also natural from the view point of quantum physics, in 
the sense that two quantum states sitting on the same projective line 
represent the same physical reality. 

Before we can state the main theorem, we however hrst need to 
introduce a small technical assumption, which will play the role of 
a nondegeneracy condition for the Hamiltonian in inhnite dimensions. 
Note that for the time-one flow map 05 of the free Schrodinger equation 
it holds that its sequence of complex eigenvalues given by exp(zm^), 
m G Z, has z = 1 (and every other point on the unit circle) as an 
accumulation point. In order to avoit resulting problems with the lack 
of nondegeneracy of the free Schrodinger equation, we restrict ourselves 
to smoothing kernels 0 which are admissible in the following sense: 
Denoting by 0 : Z —)■ C the Fourier transform of 0 : 5^ —)■ M, we 
require that there exists some 5 > 0 such that ijj{m) = 0 whenever 
I exp( 2 m^) — 1| < 5 for all frequencies m G Z. We emphasize that 
the threshold 5 > 0 can be chosen arbitrarily small and that every 
hnite-dimensional nonlinearity, that is, where supp('0) C for 

some £ G N, is clearly admissible. On the other hand, for every 5 < 2 it 
follows by the same arguments that the spectrum of allowed frequencies 
:= {m G Z : | exp(im^) — 1| > 5} is unbounded in both directions. 


3. Statement of the main theorem 


From now on let us assume that the nonlinear term in 
the Schrodinger equation is one-periodic in time, that is, 
f{\u * '0p,a;,t -|- 1) = f{\u * '0p,x,f). Then it follows that ev¬ 
ery nonlinear Schrodinger equation dehnes a flow on the projective 
Hilbert space P(EI) where the underlying Hamiltonian is one-periodic 
in time, 

In the case of time-one-periodic smooth Hamiltonians on hnite- 
dimensional projective spaces CP" = P(C"’''^), the degenerate version 
of the famous Arnold conjecture, proven in HZI, asserts that the time- 
one map of the resulting Hamiltonian how has at least n -|- 1 hxed 
points, provided that the so-called Hofer norm 



of the time-periodic Hamiltonian Ht is strictly smaller than 7r/2, that 
is, 1/2 of the minimal area of a non-constant holomorphic sphere in 
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Viewing the Hamiltonian flow on P(EI) deflned by the nonlinear 
Schrodinger equation of convolution type as an infinite-dimensional 
generalization, it is natural to ask whether an analogue of the Arnold 
conjecture also holds in this infinite dimensional context, establishing 
the existence of infinitely many fixed points of the time-one map. While 
the Hofer norm of Ht = + Ft is obviously infinite, note that in the 

case of the free Schrodinger equation with F* = 0 it is easy to see that, 
after passing to the projectivization, the time-one flow map 0° = 0? 
P(]HI) has infinitely many different fixed points given by the complex 
oscillations, 

—)■ C, u^{x) = exp{inx) for every n eN . 

From now on let Ft, Gt = Ft o and (ft = ° 4>t denote 

the corresponding functions and flows on the projective Hilbert space 
P(]HI) = §(]HI)/S'^. In this paper we prove the following infinite- 
dimensional version of Floor’s work on the Arnold conjecture. 

Theorem 3.1. Assume that, after deseending to the projeetivization, 
the Hofer norm |||F||| of the Hamiltonian defining the nonlinearity is 
smaller than 7r/4 and that the underlying smoothing kernel is admissi¬ 
ble. Then the time-one flow map (f = (fi on the projective Hilbert space 
P(L^(S'\C)) of the corresponding nonlinear Schrodinger eguation of 
convolution type has infinitely many different fixed points u\ E P(]HI), 
n E N. Furthermore, for every n E N there exists a Floer strip con¬ 
necting with 

In order to see that the condition on the Hofer norm of the 
nonlinearity is not too restrictive, we remark that we show below that 
the Hofer norm is indeed always finite for nonlinearities of convolution 
type, so that the condition can always be fulfilled after rescaling the 
function /. Furthermore, we do not claim that the bound on the Hofer 
norm is sharp in any sense; indeed we only want to stress the fact that 
this is not a perturbative result in the spirit of KAM theory. 

We first explain the last statement about the existence of a Floer 
strip connecting the fixed point of the free Schrodinger equation with 
a fixed point of the given Schrodinger equation of convolution type, 
which we view as a path ul^ : [0,1] —)■ F(M) with u\{l) = 0°(m;'j(O)) 
and dtu\ = With this we mean a smooth map F : M x [0,1] ^ 

P(]HI) with -u(-, 1) = (;/)°('u(-,0)) satisfying the Floer equation 

t) = du + 9 ?(s) ■ VGflu), 

where d = ds + idt denotes the standard Cauchy-Riemann operator 
and 99 is a smooth cut-off function with (p{s) = 0 for s < — 1 and 
^ 9 ( 5 ) = 1 for s > 0. It connects and in the sense that u{s, •) —)■ 
as s —)■ —00 and there exists a sequence (s^) of positive real number 
converging to -|-cx) such that u{sk, ■) ^ as k ^ 00 . The latter 
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weaker asymptotic condition is a consequence of the fact that we do 
not want to assume that the nonlinearity is generic in the sense that 
all orbits are isolated. 

In order to see that there are indeed inhnitely many different hxed 
points we will use bounds for their symplectic action. Note that, 
in the case of the free Schrodinger equation, the hxed points of the 
time-one map 0° are distinguished by their symplectic action, dehned 
in |3]. By choosing Mq = 1 as reference hxed point and choosing for 
each a holomorphic strip hon : Mx[0,1] —)■ P(]HI) with •) = 

0 °('hon(O, O)! hon('S, •) —)■ as s —)■ -|-oo and Uon{s, •) ^ Mg as s ^ —cxo 
given by a Morse gradient how line of H^, it is easy to see that the 
symplectic action is given by 



in particular, it grows quadratically with n G N. Note that here we 
use the translation between Hamiltonian Floer theory and Floer for 
general symplectomorphisms, building on the fact that restricts 
to a smooth function on every C P(]HI) and every gradient 

how line connecting Uq and indeed stays inside the corresponding 
hnite-dimensional projective subspace. Using that the Hofer norm 
|||F||| of the nonlinearity is smaller than 1/4 of the minimal energy of 
a holomorphic sphere, we show below that the symplectic action of 
and is well-dehned and has to be diherent for diherent m, n > 4. 

Finally, in order to see that we cannot expect that the Arnold conjec¬ 
ture generalizes immediately to inhnite-dimensional manifold, consider 
the smooth Hamiltonian L{u) = V{x)\u\‘^/2, whose linear time-one 

map on El is given by (m))(x) = exp(iU(a;)) •■u(x). Here it is imme¬ 
diate to check that, for a general choice of the function U : —)■ M, 

for every solution u one has u{x) = 0 almost everywhere, resulting in 
the fact that its time-one map on P(]HI) has no hxed points at all. 

4. Case of finite-dimensional nonlinearities 

Indeed, like for the linear Schrodinger equation, in our proof the 
appearance of the Laplace term in the nonlinear Schrodinger equations 
turns out to be essential to hnd inhnitely many hxed points. 

Forgetting for the moment that we are working in the setting of 
inhnite-dimensional symplectic manifolds, one is naturally tempted to 
employ Gromov-Floer’s theory of holomorphic curves to establish the 
existence of inhnitely many hxed points for the case of general nonlinear 
Schrodinger equations of convolution type, by studying appropriate 
moduli spaces of pseudo-holomorphic curves. In analogy to Gromov’s 
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existence proof of symplectic fixed points in [7], the idea would be 
to study moduli spaces of (modified) Floer strips {u,T), where T G 
Md" is some non-negative real number and u denotes a smooth map 
u : Mx[0,l] —)■ P(]HI) with u{s,t) —>■ as s ^ ±oo, satisfying the 
periodicity condition m(-, 1) = 0°(m(-,O)) and the perturbed Cauchy- 
Riemann equation 


OqU = du + (fris) -VGtiu) = 0, 

where : M —)■ [0,1] now denotes a family of smooth cut-off functions 
with compact support with (Pt{s) = 1 for s G [— T, +T]. 

Assuming that, as in the case of hnite-dimensional projective spaces, 
one could compactify the above moduli space by just adding broken 
holomorphic strips corresponding to the case that T converges to 
-I-CX3, one could immediately establish the existence of a hxed point 
of the time-one map 0 = 0i, that is, a path : [0,1] —?• P(]HI) 
satisfying u\{l) = 0°(m)j(O)) and dtu\ = X^{u). Note that for 
the underlying compactness statement we would employ the uni¬ 
form energy bound, guaranteed by the bound on the Hofer norm 
of F. Still assuming that everything carries over naturally to the 
inhnite-dimensional setup, the bound for the Hofer norm could 
indeed be used to prove that we obtain inhnitely many different hxed 
point of cj) this way, using that the symplectic action of agrees 
with = m?I2 and hence grows (in norm) quadratically with n. 

Before we give more details on the strategy of our proof, in particu¬ 
lar, explain how to deal with the problem of inhnite dimensions, we hrst 
restrict ourselves to the case of hnite-dimensional nonlinearities. With 
this we mean that the support of the Fourier transform : Z —)■ C 
of the smoothing kernel '0 is hnite, that is, supp('^) C {—£,-[-£} for 
some natural number i. Identifying the symplectic Hilbert space 
El with f'^(C) using the Fourier transform, it follows that G just 
depends on its value after applying the projection : El —)■ 
onto the hnite-dimensional symplectic subspace, G = := G o vr^; in 

particular, at every point the gradients VG^ and are vectors in 
claim that in this case the existence of the Floer strip 
(and hence also of the hxed point of the time-one how) follows from 
hnite-dimensional Hamiltonian Floer theory - together with Liouville’s 
theorem. 

Indeed, hxing n < £ and assuming for the moment that the map 
u exists, let = tii o u : M x [0,1] —?• CP^^ denote the image of 

-u : M x[0,1] ^ P(EI) under the projection from P(EI) to CP^^. Then 
it follows that as s ^ ±oo, satishes the periodicity 
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condition 1) = 0°('U^(-,O)) and the original perturbed Cauchy- 
Rieniann equation B'qU^ = 0 from above. In particular, the existence 
of with the desired properties is ensured by hnite-dimensional 
Hamiltonian Floer theory. We claim that, in the case when n < i, 
that is, G CP^^, we indeed have that u has image in CP^^ C P(]HI) 
and hence u = u^. 

Indeed, we hrst observe that, since u = ^ CP^” C CP^^ for T = 0, 

we may assume that the Floer strip u sits in a tubular neighborhood 
of CP^^ in P(]HI), possibly after passing to 0 < T' < T. It follows that 
we can write F as a pair of maps, 

u = (hi, hi : M X [0,1] ^ (H / X CP^i 

where remembers the normal component. Here u\_ shall be viewed 
as a section in the pull-back {u^)*N —)■ M x[0,1] of the normal bundle 
of CP^^ C P(]HI) which is unitarily trivial even after applying the 
natural identihcations. With the latter we mean the natural identih- 
cation of the hbre over (s, 1) (= the hbre over h^(s, 1) = 05’(h^(s,O)) 
of N) with the hbre over (s, 0) using 0° all s G M and, after 
compacifying, of the hbre over (-|-cxo,f) with the hbre over {—oo,t) for 
all t G [0,1], using that h^(s, t) ^ as s —)■ ±cxo. In order to see that 
the bundle still remains trivial, observe that hnite-dimensional Floer 
theory provides us with a homotopy from u to the constant strip u^. 

Now the important observation is that, since G = := G o vr^, 

the projection of to El / vanishes. This however implies 

that the perpendicular component is indeed truely holomorphic, 
that is, solves the unperturbed Cauchy-Riemann equation du\^ = 0. 
Since — )■ 0 for s —)■ ±oo as G CP^^, we can employ 

Liouville’s theorem to show that we indeed have = 0, that is, 
u = u^. Note that, instead of referring to Liouville’s theorem, the 
result can be viewed as a consequence of the minimal surface property 
of pseudo-holomorphic curves. Indeed, using the technical lemma 17.21 
proven below, the result also follows from the fact the L^-norm of 
is zero. 

It follows that, although we hrst allowed the Floer strip u to live 
in the inhnite-dimensional manifold P(]HI), the hnite-dimensionality of 
the nonlinearity ensures that it actually lives in the hnite-dimensional 
submanifold CP^^. Along the same lines using Liouville’s theorem or 
the minimal surface property, it is immediate to see that, in the case 
of n > £, the Floer strip is constant and the hxed point G CP^"", 
M°(x) = exp(ma:) of the free Schrodinger equation thus agrees with 
the corresponding hxed point u\ of the nonlinear Schrodinger equation 
with convolution term. Furthermore, the same argument shows that 



10 


O. Fabert 


for n G Ms the resulting fixed point u\ of the Schrodinger equation 
with nonlinearity cannot agree with any of trivial hxed points for 
m G Z with 'ip{m) = 0. In particular, when the nonlinearity is not zero, 
there is always a nontrivial hxed point. 


5. Strategy for the general infinite-dimensional case 

While we will show below that, in the case of nonlinearities of 
convolution type, the Hofer norm of F is still hnite, it is quite 
apparent that the underlying theory of pseudo-holomorphic curves 
does not instantly carry over from hnite to inhnite dimensions. 
Apart from problems with establishing the Fredholm property of the 
relevant nonlinear Cauchy-Riemann operators, the non-compactness 
of the target manifold leads to the fact that Gromov’s compactness 
theorem does not naturally generalize from hnite projective spaces 
to P(]HI). While the work of Sukhov and Tumanov in [18] already 
illustrates the great challenges that arise when one wants to generalize 
Gromov’s theory of pseudo-holomorphic curves to inhnite dimensions, 
in this paper we make use of a return ticket from inhnite to hnite 
dimensions: We will show how to prove the existence of the relevant 
pseudo-holomorphic curves in the inhnite-dimensional setting using 
methods from model theory of mathematical logic. 

Indeed it is well-known, see e.g. [TO] . m and [8], that there exist 
so-called non-standard models of mathematics in which there exists 
an extension of the notion of hniteness: There exist new so-called 
unlimited *-real (and *-natural) numbers which are greater than all 
standard real (and natural) numbers; in an analogous way there exist 
inhnitesimal numbers, whose moduli are smaller than any positive 
standard real number. These *-real numbers can be introduced, 
using the axiom of choice, as equivalence classes of sequences of 
real numbers, where the standard numbers are included as constant 
sequences, while sequences converging to ±cxd or 0 are examples 
of unlimited and inhnitesimal numbers, respectively. In this paper 
we will use the resulting surprising fact that there exists a *-£nite- 
dimensional symplectic space F, i.e., a hnite-dimensional symplectic 
space in the sense of the non-standard model, which contains the 
inhnite-dimensional Hilbert space El as a subspace. Furthermore, 
after passing to the projectivizations P(]HI) C P(F), the smooth 
inhnite-dimensional Hamiltonian hows 0* = can be represented by 
a *-hnite-dimensional Hamiltonian how 

While the existence of ideal elements such as F is established using 
the so-called saturation principle, the so-called transfer principle 
ensures that every statement that holds in hnite dimensions and can 
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be formulated in first-order logic has an analogue in the *-£nite- 
dimensional setting. In particular, applied to the Arnold conjecture 
for Hamiltonian flows on finite-dimensional projective spaces, this 
immediately proves that the *-finite-dimensional Hamiltonian flow 
map (l^ has fixed points, as the dimension of F (in the sense of the 
new model) is greater than any standard natnral nnmber. While it 
seems that this immediately proves the existence of fixed points of 
on P(]HI), we emphasize that, withont farther reasoning, we do not 
know whether any of these fixed points actually sits in the infinite¬ 
dimensional projective Hilbert space, as the inclusion P(]HI) C P(F) is 
always proper. 

Instead we will employ that, for every fixed point G P(]HI) C P(F) 
of the free nonlinear Schrodinger eqnation and every positive *-real 
nnmber T, the transfer principle indeed provides us with the existence 
of a Floer strip u in P(F) converging asymptotically towards and 
satisfying the pertnrbed Canchy-Riemann eqnation for the given 
T. In contrast to the case of fixed points, we can now employ a 
non-standard version of the minimal snrface argnment used for the 
hnite-dimensional case to prove that the image of u has to he in an 
inhnitesimal neighborhood of P(]HI). For this we are going to use that 
nonlinear Schrodinger eqnations of convolution type can be nniformly 
approximated by hnite-dimensional Hamiltonian hows, together with 
fact that the given fixed points already sit in P(]HI) C P(F). 

In order to finish the proof, it snfhces to choose some nnlimited T 
and nse that, by the hnite-dimensional approximatibility, the Hofer 
norm of the Hamiltonian F modelling the nonlinearity is finite. Using 
this one can show that there exists some point in the image of the 
Floer strip snch that the distance between this point and its image 
nnder 0^ is inhnitesimal, i.e., smaller than any positive real nnmber. 
This in tnrn proves the existence of a fixed point u\ of 0®, that is, a 
time-one-periodic solntion of the given nonlinear Schrodinger eqnation 
of convolntion type. In order to see that one obtains infinitely many 
diherent fixed points this way, we use, employing again the transfer 
principle, that the symplectic actions of the hxed points grow 
qnadratically, together with the bonnd on the Hofer norm of F . 

Snmmarizing we hence use that the existence of the hxed point and 
the corresponding Floer strip is guaranteed in the abstract set P(F) and 
we then show afterwards, nsing further properties, that both indeed sit 
in the correct snbset P(]HI) C P(F). Very informally speaking, viewing 
P(F) as an enlargement of P(]HI) obtained by dropping any reqnest on 
convergence, the existence follows from the proof in finite dimensions by 
allowing every nnmber to be infinite, while convergence is only shown 
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a posteriori. It might be instructive to compare our approach to the 
problem of hnding zeroes of a polynomial in M: While the existence 
of a zero is always guaranteed in the abstract set C containing M, one 
might be able to prove a posteriori that this zero has to be in M, by 
using further properties of the given polynomial. 

6. *-Finite-dimensional representations of 

INFINITE-DIMENSIONAL FLOWS 

In this section we prove the existence of the *-£nite-dimensional 
symplectic vector space F that contains the symplectic Hilbert space 
El = L'^{S^,C) = f'^(C) and of the *-finite-dimensional Hamiltonian 
flows that represent the infinite-dimensional Hamiltonian flows intro¬ 
duced earlier. 

Although the appendix gives a basic introduction to non-standard 
model theory with all details, we start with a quick summary of the 
main ideas that are needed to follow our arguments. Nonetheless we 
ask the reader to consult the appendix below for precise statements 
and further details and examples. 

It is the fundamental idea of non-standard model theory to enlarge 
every standard set A to a non-standard set *A which contains addi¬ 
tional new ideal elements. This means that we have a map * : V ^ W, 
where H is a set of standard sets, called standard model, and W is the 
corresponding set of non-standard sets, called the non-standard model. 
More precisely, the standard and the non-standard model come with 
a filtration, V = and W = (HA)nGN, and the map * respects 

this hltration. In the appendix we show how to define V = (I4)neN 
in such a way that it contains all sets that are needed for our proof. 
On the other hand, we also show how to prove the existence of the 
corresponding non-standard model W = (IT’„)neN together with a 
transfer map * : V ^ W respecting the filtration. 

All applications of non-standard model theory rely on the following 
two principles: 

• Transfer principle: If a theorem holds in the standard model 
V, then the same theorem holds in the non-standard model W, 
after replacing the elements from V by their images in W under 
*. Informally speaking, this means that every mathematical 
statement about standard sets also holds for their non-standard 
extensions. 

• Saturation principle: If is a collection of sets in W 

(and / is a set in V) satisfying Aj^ n ... fl Aj„ ^ 0 for all 
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ii,-- - ,in £ I, n G N (finite intersection property), then 
also the common intersection of all A*, i G I is non-empty, 

riie/ ^ 

Denoting, as before, by *a G PD the image of a G D under *, the 
transfer principle immediately implies that * : V ^ W is indeed an 
embedding, since a ^ b in V implies that *a b in W. Furthermore 
we have *{ai,..., a„} = {*ai,... a„} for all hnite sets. On the other 

hand, if A is a set in V with inhnitely many elements, then it easily 
follows from the saturation principle that *A is strictly larger than 
A :=* [A] := {*a : a G A}. In the latter case it even holds that A is 
not even a set in the new model W. In particular, this applies to our 
original Hilbert space El := *[]HI], viewed as a subset of * El. Indeed one 
can show that every non-standard model is necessarily not full, that 
is, there exist subsets of sets in W which do not belong to W itself. 
While this destroys all obvious logical paradoxa, on the positive side 
the transfer principle implies that every dehnable subset (subset of 
elements of a set in W which fulhll a sentence in the language of W) 
still belongs to W, so the lack of fulness does not cause problems either. 

While it is a classical result in non-standard model theory and 
easy to prove that every non-standard natural number in * N\ N 
is unlimited in the sense that N > n for all standard natural 
numbers n G N, the non-standard extension * M of M contains, 
among other elements, inhnitesimal numbers e ~ 0 with the dehning 
property that e < r for all positive standard real numbers r G M"*". 
More precisely, it is classically known, see proposition 111.111 in the 
appendix, that every *-real number i? G M is either unlimited or 
inhnitesimally close to a unique standard real number, that is, there 
exists a unique r G M such that R — r^O or R^r. In the latter 
case °R := r is called the standard part of the limited *-real number R. 

Along the same lines, we now prove 

Proposition 6.1. There exists a *-finite-dimensional unitary subspace 
F o/*EI which contains the infinite-dimensional space El as a subspace, 

El C F C *EI. 

Proof. For a similar result we refer to [13] . The proof of this surprising 
fact is, like the proof of the existence of infinitely large numbers, just 
an immediate consequence of the saturation principle for non-standard 
models: For every element m G El let Au denote the set of *-£nite- 
dimensional unitary subspaces F of * El such that u E F. Since for 
every hnite collection ui,... ,Un G El there exists a finite-dimensional 
unitary subspace containing Ui, i = 1 ,... ,n, by saturation it follows 
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that there must exist a *-hnite-dimensional unitary subspace, denoted 
by F, in the common intersection of all u G H. □ 

Using the Fourier transform in order to identify El = LP‘{S^, C) with 
it follows that F, without loss of generality, can be identihed 
with * c^iv+i some N G * M\ N. Note that here we implicitly use 
that every *-£nite-dimensional unitary subspace of *£^(C) is a unitary 
subspace of * for some *-natural number N. The unlimited nat¬ 

ural number dimF := 2N -|- 1 G * N\ N denotes the complex dimension 
of F in the non-standard model. Note that the canonical complete 
unitary basis (en)nez of El = C) given by en{x) = exp(ma;) nat¬ 

urally extends to a unitary basis {en)n=-N of F = * 

Gn{x) = exp(ma;) for all unlimited n G *Z\Z. In particular, note that 
every n G F can be written as a *-£nite sum, 

+N 

n=—N 

where v{n) := {v, e„) denotes the n.th Fourier coefficient of n G F for 
the *-integer number —N < n < N. Note that the *-extensions on * El 
of the symplectic form, the inner product and the complex structure on 
El restrict to a symplectic form, inner product and complex structure 
on F which extend the corresponding structures on El C F by corollary 
111.91 Furthermore, by transfer, the square of Euclidean norm | • |f on the 
*-hnite-dimensional space F is given by the *-£nite sum 

Recall from above that every limited *-real number r G * M is near¬ 
standard in the sense that there exists a standard real number s G M 
with r ^ s, called the standard part °r := s of r. Replacing the 
inclusion M C * M of standard elements in a non-standard set by the 
inclusion El C F, we are lead to the following 

Definition 6.2. An element u G F is called 

i) limited if its Euclidean norm |m|f G is limited in the sense 
of proposition \ll.lli 

ii) near-standard if there exists n G El with u ^ v and we call v 
the standard part of u and write °u := v. 

Note that here we say that n ~ n for two elements n, n G F if their 
metric distance is infinitesimal, i.e., |n — m|f ~ 0 . 

Of course, it is important to have a non-standard characterization of 
all near-standard points in F. It is given by the following 
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Proposition 6.3. A limited element v e¥ is near-standard if and only 
if for all unlimited K E * N\ N with K < N we have 

-K-l +N 

|'D(n)|^+ ^ ~ 0. 

n=—N n=K-\-l 

In other words, if and only if v is infinitesimally close to all subspaces 
* (^ 2 K+i ^ jp of unlimited dimension G 

Proof. Note that, if v G F is limited, then for all n G * N the coefficients 
v{n) = {v,en) must be limited and hence near-standard. Now, by 
dehnition, n G F is near-standard if and only if there exists m G El with 
n ~ M. Since this implies that {u, e^) = °{v, Cn) for all n G N, it follows 
that V is near-standard if and only if the sequence 
converges as it' —)■ oo. On the other hand, by proposition 111.141 the 
latter is equivalent to requiring that for every unlimited K E* N the 
unlimited sum J2n=-K I ("^5 is near-standard and its standard part 
is independent of iF G * N\ N. But the latter is equivalent to requiring 

that J2n=-N + J2t=K+i ^ ~ 0 for all unlimited K < 

N. □ 

After showing that the infinite-dimensional symplectic Hilbert space 
El is contained in a symplectic vector space which is finite-dimensional 
in the sense of the new model, it remains to be shown that the 
inhnite-dimensional symplectic flow '■= 4>t defined by the nonlinear 
Schrodinger equation can be represented by a *-finite-dimensional 
symplectic flow on F. More precisely, from now on we will restrict 
ourselves to the time-one maps (pf and (pf on the projectivizations 
P(EI) C P(F), which we view as quotients P(EI) = §(EI)/[/(l) 
and P(F) = S(¥)/*U{1), where §(EI) = {n G El : |n|H = 1}, 
§(F) = {n G F : |n|F = 1} and 17(1) = {z E C : \z\ = 1}. With the 
latter we mean that for every near-standard v E P(F) we have that 
= °((p^(v)); in particular, on P(EI) C P(F) the time-one flows 
agree up to an error which is smaller than any positive real number. 

Before we turn to the general case, we start with the case of the 
free Schrodinger equation. In this case recall that, after identifying 
El = L^(S^,C) with £^(C) using the Fourier transform, the symplectic 
flow map 05’®' = 05 = exp(*A) maps v E £^(C) to 05’®'('O) G £^(C) 
with (05’®'('O))(n) = exp(m^) • v(n) for all n E Tj. In particular, 
05’ naturally restricts to hnite-dimensional symplectic maps on 
hnite-dimensional complex projective spaces. Now it immediately 
follows from the transfer principle that 05’ := *(05’'*^), the *-image 

of 05’ , is a linear symplectomorphism of * El which restricts to a 
*-finite-dimensional linear symplectomorphism 05’® on F C * El. On 
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the other hand, since 0°’ ** extends the linear symplectomorphism 
0°’^ on El C * El by corollary 111.91 it follows that we indeed have 
0°’^ = 0O’H on P(e) C P(F). 

In the general case of nonlinear Schrodinger equations of convolution 
type note that the flow 0° has to be replaced by 0t = 0^ o 0° with <pf 
being the flow of the smooth Hamiltonian 

p27V 

Gt = Ft O (lP_^ with. Ft{u) = / f{\u*'4)\^,x,t)dx. 

00 

In this case everything furthermore relies on a hnite-dimensional ap¬ 
proximation result of the flow of Gt {Ft), where we now crucially 
make use of the special form of the nonlinearity. To this end, de- 
hne for the given convolution kernel 0 with Fourier series expansion 
V’(^) = Sn:^oo each fc G N the approximating ker¬ 

nel 0^(x) = Yln=_i^'ip{n) exp{inx) and dehne the resulting sequence of 
Hamiltonians G^ {F^) by 

of := Ff o with := - I /(|t. » , X, f) dx 

for all k eN. 

Lemma 6.4. For each k E N the symplectic flow of the time- 
dependent Hamiltonian G\ on P(EI) restricts to a finite-dimensional 
symplectic flow on a 2k-dimensional projective subspace o/P(EI). The 
sequence of time-dependent Hamiltonians G^ converges uniformly with 
all derivatives to the original Hamiltonian Gt as k ^ oo. In particular, 
the same holds true for the symplectic time-one maps 0f and 0f, and 
the Hofer norm |||G||| of Gt ■ P(EI) —)■ M zs finite. 

Proof. Based on the fact that the flow 0° naturally restricts to hnite- 
dimensional hows, for the hrst statement it suffices to observe that the 
symplectic gradient oi Ff : M. ^ M. given by 

X['^{u) = dif{\u * X, t){u * ^p^) * 0^ 

has vanishing Fourier coefficients, Xp^{u){n) = 0, for \n\ > k. Since 
the supremum norm oiu*f) — can be bounded by 

||m * 0 - M * 0^||oo < ll^lh • 110 - 0^||2, 
it follows from ||0 —0^10 —)• 0 as fc —)■ oo and ||m ||2 = 1 for all u E S(EI) 
that ^ u*f) uniformly as k ^ oo. On the other hand, since / is 

assumed to be smooth, it immediately follows that Ff{u) -E Fflu) and 
hence G\{u) -E Gflu) as fc —)■ oo, uniformly with all derivatives. □ 

In order to see that this lemma immediately leads to the existence 
of *-hnite-dimemsional symplectic how 0f, we hrst observe that, by 
corollary 111.91 the *-image of the sequence {G\)k£n provides us with a 
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sequence *G^ : * El —)■ * M of Hamiltonians for all non-standard natural 
numbers k G *N with *G’l{u) = G^{u) if fc G N C * N and u G El C * El 
are both standard. The crucial observation is now that, by proposition 
I11.14L it follows from the above lemma that for all unlimited K E * N\ N 
we have G^ := *G^ *G on* P(EI) = P(* El), including all derivatives. 
By choosing K = N for dimP = 2A^-|-1, using the transfer principle (in 
particular its consequences fTTm and fll.Qp . the above lemma implies 
the proof of the following 

Proposition 6. 5. The time-one flow := of *G^ restricts 

to a *-finite-dimensional symplectic flow on P(F) = *CP^^ with 
|||*G — *G^||| ~ 0 and hence with limited Hofer norm |||*G^||| ~ 
|||*G||| = |||G|||, which on P(EI) C P(F) agrees with up to 

an infinitesimal error. After composing (j)\ := o we hence find 
that, on P(EI) C P(F), (f\ agrees with the infinite-dimensional sym¬ 
plectic flow (j)f = o 0°’'® of the nonlinear Schrodinger eguation of 
convolution type up to an infinitesimal error. In particular, we have 
= °(0f(u)) for all near-standard v G P(F). 

Indeed, while the hrst statement is an immediate consequence of the 
transfer principle, the statement about the Hofer norm follows from 
proposition 111.141 On the other hand, since proposition 111.141 further 
implies that ~ corollary 111.91 indeed 

proves that ~ on P(EI) C P(F). 

7. Floer strips in complex projective spaces 

After showing that the inhnite-dimensional symplectic flow map 
on P(EI) can be represented, without loss of information, by 
a symplectic flow 0^ on a complex projective space P(F) which is 
hnite-dimensional in the sense of the non-standard model, we show 
how the existence of hxed points of (jff can be proven by applying the 
transfer principle from non-standard model theory to classical results 
in Floer theory in hnite dimensions. Since = °(0i(u)) for all 

near-standard v G P(F) by proposition 16.51 it is sufficent to establish 
the existence of points v G P(F) with (p\{v) ~ v which additionally are 
near-standard. Since the *-£nite-dimensional flow (p^ can be treated 
like a hnite-dimensional symplectic how by the transfer principle, 
in this section we collect classical results from hnite-dimensional 
Floer theory that will be used later on to prove the existence of 
near-standard points v G P(F) with v ~ 0i(t)- 

From now on let us assume that the Hofer norm 11 |F| 11 of F) on P(EI) 
is strictly smaller than 7r/4. Since G^ —)■ G uniformly as k ^ oo, note 
that it follows from |||G||| = |||F||| < 7r/4 that there exists some fco G N 
such that |||Gfc||| < 7r/4 for all k > k^. Furthermore, for T G M"*" U{0} 
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let : M —)■ [0,1] denote a smooth cut-off function with v^r('S) = 0 
for |s| > T := min{2T,T -|- 1} and (Pt{s) = 1 for s G [—T,+T]. 
Furthermore, the natural Riemannian metric on is denoted by 

Proposition 7.1. Let k eN with k > ko and T G M"*" U{0}. Then for 
every n < k there exists a smooth map h = «„ = t • ^ [0; 1] 

CP^^ satisfying the periodieity eondition «(•,!) = 0‘j’('u(-, 0)), the as- 
ymptotie condition u{s, •) —)■ as s —)■ ±cxd, and the perturbed Cauchy- 

Riemann equation 

0 = = du + 'Pt{s) ■ VG^ifd). 

Furthermore, for the resulting families of maps u = Un we have 

i) The energy E{un) defined by 

/ -l-OO pi -| 

/ 7;{\9sUn\^ + \dtUn - Ft{s) • X^’’^{un)\‘^) dt ds 
-oo Jo ^ 

is bounded by 2|||G^||| < 7r/2; in particular, there exists some 
So G [—T, +T] such that the path Un{so, •) := •) satisfies 

J \dtUn{So,t) - X^’\un{So,t))\‘^ dt < 

ii) For every s G [—T,-|-T] the symplectic action .4,”^(-u„(s)) of the 
path Un(s) = Un{s, •) : [0,1] —)■ CP^^, defined as 

j (M0n#Mn|(-oo,s)x[0,l])*W + ^ G\{u{s,t)) dt, 

satisfies the inequality 

\^"{uBs))--\ < 2-|||G''=||| < 71/2. 

iii) The given definition of the symplectic action is independent of 
n, that is, if Um{s) = Un{s') : [ 0 , 1 ] — )■ CP^^ for m,n < k and 
s, s' G [— T,-|-T], then A'^{um{s)) = JF{un{s')); in particular, 
Um{s) 7 ^ Un{s') for different m,n> A. 

Proof. For the proof one observes that, for every /c G N, M := CP^^ 
is a closed symplectic manifold where the energy of a holomor- 
phic sphere is bounded from below by tt. Furthermore, the linear 
symplectomorphism 0 := 05 as well as the smooth Hamiltonian 
G^ : P(]HI) —)■ M on P(]HI) restrict to a linear (and hence smooth) 
symplectomorphism and smooth Hamiltonian function on CP^^, 
respectively, where CP^^ is viewed as the set of equivalence classes [n] 
of elements v = 'B2n=-oo'^i'^) • Cn G El with v{n) = 0 for all |n| > k. 
Since, for every n < k, Pn '■= G P(]HI) given by u^{x) = exp{inx) is 
a hxed point of <p in CP^” C M C P(]HI), it follows that the existence 
of the map it = for every T G M"*" U{0} can be deduced using the 
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properties of the moduli space of Floer strips (u, T) established in [3] 
and the references therein. 

First we emphasize that an easy computation shows that the 
standard complex structure indeed satishes the periodicity condition 
= i required in [3]. Assuming for the moment that transversality 
for the Cauchy-Riemann operator Be given by dciu^T) = B'qU holds, 
hrst observe that it is shown in [3] that the moduli space of tuples 
(m, T) is a one-dimensional manifold. Since for T = 0 the constant 
strip -u^Q(s,t) = Pn staying over the hxed point G M of (/> is the 
unique solution, the existence of a Floer strip u^rp for all T G M"*" 
follows from the Gromov-Floer compactness result. Here we emphasize 
that bubbling-off of holomorphic spheres is excluded due to fact that 
the energy E{u) is bounded from above by twice the Hofer norm of 
the Hamiltonian G^, see na, and the Hofer norm of is smaller 
than 1/2 the minimal energy of a holomorphic sphere in CP^^. Finally, 
since the Cauchy-Riemann operator Bq cannot be expected to be 
transversal, one hrst has to approximate i by a family of t-dependent 
almost complex structures J/, t G [0,1] with J/ = fhe sense 

that J/ —)■ J/ = i as z/ ^ 0. Then the Gromov-Floer compactness 
result in [5] can be used again to deduce the existence of Floer strips 
for z/ = 0 from the existence of Floer strips for z/ 7 ^ 0 for all T G M"*". 
In particular, we emphasize that one does not need more elaborate 
technology like Kuranishi structures or polyfolds to establish the 
desired properties of the moduli space. 

Concerning the additional statements, observe that the bound on 
E{u) in i) has already been used to exclude bubbling-off for compact¬ 
ness and it can be found in [T2]. It relies on the fact that, since B]jU = 0 , 
the energy of u is given by 





Furthermore, the existence of s G [—T,- 1 -T] with the desired property 
is an immediate consequence. On the other hand, the bound on the 
action in ii) follows from the same proof as used to establish the energy 
bound. For the dehnition of the symplectic action following [3] we use 
that, after concatenation with the strip u^n : M x [ 0 , 1 ] —?• CP^^ used in 
the dehnition of the symplectic action the Floer strip u = Un 

can be used to connect Un{s) with Ug. Then we just additionally need 
to recall that A{vP^ agrees with minus the value of the Hamiltonian 
underlying 0 = 05 at 
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For in) let us assume that Um{s) = Un{s'). Then one has to show 
that the concatenated strips Uomi^'Um\{-oo,s] and 'Uori#'hn|(-oo,s'] are ho¬ 
motopic, that is, the homotopical difference between 'Um|(-oo,s] and the 
concatention of a holomorphic strip Unm : M x [0,1] —)■ connecting 

with given by a Morse gradient flow line of with 'Um|(-oo,s] 
is equal to 0 G 7ri(f2(^oM) = 7ri(f2M) = 7r2(M). But since every Morse 
trajectory is contractible, it suffices to observe that i) implies that 

^ ^ J' oo,s]) ^ (^nI(—oo,s']) ^ ^ 

SO that the homotopical difference still has to be represented by the 
zero class in 7r2(M). For the last statement it remains to observe that 
~ — r? 12 > tt for all m > n > 4. □ 

While the above results are quite standard in Floer theory for sym- 
plectomorphisms, we will additionally need the following technical 
lemma. Let n < I <k. As in the discussion about the case of finite¬ 
dimensional nonlinearities, we know that, for T > 0 sufficiently small, 
the Floer strip u = sits in a tubular neighborhood of CP^^ in CP^^. 
Denoting by = tt^oF the canonical projection of the Floer strip onto 
CP^^ C CP^^, we claim that we can again write u as a pair of maps, 

u = (hi, hi : M X [0,1] ^ xCP^i 

where ui remembers the normal component. More precisely, ni shall 
be viewed as a section in the pull-back {u^)*N —)■ Mx[0,1] of the 
normal bundle of CP^^ C CP^*' which is unitarily trivial even after 
applying the natural identifications, see the discussion in the section 
about finite-dimensional nonlinearities. 


Lemma 7.2. Assume that the image of u = u^rp sits in a tubular 
neighborhood of CP^^ C CP^^ for some n < i < k and write u = 
(hi,h^) : Mx[0,l] — )■ xCP^^. Then the L'^-norm of dsU^j_ is 

bounded by 2 \ \\G^ - G%. 


Proof. The proof builds on lemma 8.1.6, remark 8.1.7 and the proof 
of theorem 9.1.1 in HZ], Introducing the energies E{u), E{u^), E{u\_) 
to be the L^-norms of the corresponding partial derivatives dgU, dguf 
and c?sh^, we clearly have E{fd) = Eifd^) -f E{u^^. On the other hand, 
following lemma 8.1.6 in [T2], we know that 


m 



Rck (h) ds A dt, 


E{u^) > 



RGk{u^) ds A dt, 


with Rg denoting the corresponding Hamiltonian curvature form in the 
sense of ( 1121 , 8 . 1 ). Note that the first summands in both (in)equalities 
are indeed zero due to homotopical reasons and in the second case we 
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indeed just expect an inequality, as itself does not satisfy the Floer 
equation. On the other hand, it is easy to see from the dehnition of 
the curvature that 

RQk(u^) = = RQt{it). 

Since Rqu — Rqi = RQk_Qi, we summarizing obtain 
E(hi) = E{u) - E{U^) 

< j Rck {u) ds A dt — J Rck (u^) ds A dt 
= J RQk_Qi{u) ds A dt. 

Following remark 8.1.7 and the proof of 9.1.1 in [T2], we know that the 
last expression can be bounded by the Hofer norm of the Hamiltonian 
curvature of which itself agrees with 2 1111. □ 

In the case of hnite-dimensional nonlinearities note that, instead of 
using Liouville’s theorem, we can alternatively employ the above lemma 
to prove that E{u\_) = 0 which in turn again immediately implies 
= 0 . 

8. Floer strips and *-finite-dimensional representations 

After showing how the inhnite-dimensional flow dehned by the non¬ 
linear Schrodinger equation can be represented by symplectic flow 
which is hnite-dimensional in the sense of the non-standard model, and 
collecting the key results from hnite-dimensional Floer theory, we now 
show how the latter results can be elegantly used to prove our main 
theorem. The key tool in order to achieve this is the afore-mentioned 
transfer principle of non-standard model theory which states that every 
*-hnite-dimensional object can be treated like a hnite-dimensional ob¬ 
ject. In particular, by applying the transfer principle to proposition [7]T], 
without any extra work we can immediately establish the existence of 
Floer strips in the *-hnite-dimensional projective space P(F) = 
for the Hamiltonian Gf := *G^ : P(F) —)■ *M. 

Corollary 8.1. For every T E * M’''U{0} and every n eN there exists a 
^-smooth map u = Un = : * IF x *[0, 1] —)■ *CP^'^ = P(F) satisfying 

the periodicity condition u{-, 1) = 0)), the asymptotic condition 

u{s, •) —)■ as s —)■ ±cx3, and the perturbed Cauchy-Riemann equation 

0 = = du-\- (Pt{,s) ■ VGf(M) 

in the non-standard sense. Furthermore, we have 

i) The energy E{un) is hounded by 2|||G'^||| < 7r/2, so that, if 
T E is chosen to he an unlimited positive *-real num¬ 

ber, there exists some sq E [—T,-|-T] such that (-u„(so, 0)) ~ 
Iln('^O) 0) ■ 
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ii) The symplectic action ^(m(s)) of the path u{s) = is 

well-defined and satisfies the inequality 



In particular, for different m,n > A we know that Um{s) and 
Un(s') are not infinitesimally close for all s, s' G [—T, +T]. 

Proof. As mentioned above, the existence of the Floer strips u : 
*M X *[0,1] —)■ P(F) in the *-£nite-dimensional projective space follows 
immediately from the transfer principle. Note that, since proposition 
o holds for every standard natural number k greater than a hxed 
natural number ko, it follows that the transferred result holds for every 
*-natural number K > ko, in particular, for the unlimited *-natural 
number N E * N. Furthermore note that every standard natural 
number u G N is smaller than the unlimited number N and the quo¬ 
tient 71/AT is inhnitesimal for every unlimited *-real number T, so that 
we have, after using the transfer of the Schwarz inequality. 



Jo 

and hence 0 'f('u(so, 0 )) ^ 12 ( 50 , 0 ). 


□ 


Remark 8.2. We would like to emphasize that for our existence proof 
of fixed points of the infinite-dimensional flow map = (f)f it will 
not be important to understand the precise meaning of differentiation 
and integration in the non-standard model. In particular, we a priori 
need to assume that the derivatives of u have unlimited norm, so that, 
even when the image of u is near-standard, the resulting standard map 
: M X [0,1] —)■ P(]HI) will, a priori, not he smooth. While we show 
in the upcoming section that the Floer strip u is indeed near-standard 
and use this to prove the existence of infinitely many fixed points, in 
the last section we show that °-u : M x [0,1] —)■ P(]HI) is indeed smooth in 
the standard sense, by employing a bubbling-off argument and elliptic 
regularity. For the last statement in the proof and for whatever follows 
we indeed only need to know that every statement, e.g. an inequality, 
that holds in standard mathematics has an analogue in non-standard 
mathematics by the transfer principle, together with the computation 
rules for infinitesimals summarized in proposition \11.FA 

In order to establish the existence of a hxed point of the inhnite- 
diniensional symplectic how (fff given by the nonlinear Schrodinger 
equation, it suffices to show that £^ 2 .( 5050 ) G P(F) from corollary 18.11 
ii) is near-standard, as this implies that the corresponding standard 
point °'Un,r("So, 0) G P(]HI) is a hxed point of (jff. This is where crucially 
make use of the fact that, for every n G N, the transfer principle does 
not only provide us with a candidate for the hxed point for the how 
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0® of the nonlinear Schrodinger equation, but also with a Floer strip 
connecting it with the hxed point of 

9. Floer strips are near-standard and existence of fixed 

POINTS 

In order to establish the existence of a hxed point of 0®, recall that 
it is now sufficient to prove that the map u is near-standard in the 
sense that every point in the image oi u = : *M x *[0,1] —)■ P(F) 

is near-standard in the sense of dehnition 16.21 This is the content of 

Proposition 9.1. For every n G M and every T G * M’*' U {0} the 
map u = u^T • * IF X *[0,1] —)■ P(F) is near-standard. In particular, 
by choosing T to be unlimited, for every n E N there exists a fixed 
point u\ := °(h]^'r(so, 0)) G P(]HI) of the time-one flow 0® of the given 
nonlinear Schrodinger equation of convolution type. 

For the proof we essentially use that, very informally speaking, Gj : 
P(F) —*M agrees up to an inhnitesimal error with Gt = Gf in a 
tubular neighborhood of P(]HI) C P(F). Together with the minimal 
surface property of holomorphic curves used for the hnite-dimensional 
case, this again implies that also the Floer strip u : *M x *[0,1] —?• 
*(j^p 2 A _ pg inhnitesimally close to P(]HI) and hence near¬ 

standard. 

Proof. In order to make this idea precise we use the characterization 
of near-standardness in proposition 16.31 That is, we need to prove 
that every point in the image of h = : *M x *[0,1] —)■ P(F) is 

inhnitesimally close to *CP^'^ C *CP^'^ = P(F) for every unlimited 
K E* N\ N. Note that we do not need to prove that the points on the 
Floer strip are limited, as every point in P(F) = §(F)/ ~ is limited, see 
remark 111.121 Furthermore we now crucially make use of the technical 
lemma 17.21 

Let us hx n G N and let us assume to the contrary that there exists 
some T G * M"*" with map h = : * M x *[0,1] —)■ *CP^'^ = P(F) such 

that u is not near-standard. Since for T = 0 the image of F is a point in 
*CP^"' C P(F), for every unlimited iF G * N\ N we may assume without 
loss of generality that the image of u sits in a tubular neighborhood 
of *CP^'^ C *CP^'^ = P(F); if not then we just have to pass to some 
0 < T < T. In particular, as discussed before lemma YHA we may write 
M as a pair of maps 

(u^,u^) : X *[0,1] ^ X *CP^^ 

for every unlimited K E * N\N. Using proposition 16.31 it suffices to 
prove that for every unlimited K E * N\ N with K < N we have 
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uf ^ 0, that is, u^{s,t) ^ 0 for all (s,t) G *M x *[0,1]. 

In order to prove this, observe hrst that by proposition 16.51 we know 
that 

IIIG'^-G^III < lire-^^111 +lire-G^lll ~0 

as K and N are nnlimited. After applying the transfer principle 
to lemma 17.21 this however immediately implies that the L^-norm 
of dgU^ is inhnitesimal. On the other hand, after employing 
the a priori estimate for psendo-holomorphic maps in lemma 4.3.1 in 
[T^ . we see that indeed dsU^{s, t) ^ 0 for all points (s, t) G * M x *[0,1]. 

It remains to be shown that dgU^ ~ 0 indeed implies 0. To 

this end observe hrst that, by BqU = 0, we know that dgU^ ~ 0 implies 
that dtu^ ~ where (Xf’^(-u))^ denotes the projection of 

the symplectic gradient of Gf to Since we again 

have {X^'^{u))f = {X^’^{u))f ^ {X^'^{u))^ = 0 by proposition 16.51 
it follows that 

uf{s, 0) u^{s, 1) = (s, 0)) 

for all s G * M, where the last equality uses that the linear symplec- 
tomorphism (j)^ = of the free Schrodinger equation respects the 
splitting in x C P(F). 

In order to hnish the proof, it just needs to be shown that 
(j)^{uf{s,t)) ^ uf{s,t) indeed implies that u^{s,t) ^ 0 for all {s,t) G 
*M X *[0,1]. Abbreviating v = u^{s,0) G -t/fQ claim that 

05(n) ~ V implies n ~ 0. In order to see this, we crucially use that the 
smoothing kernel V’ is chosen to be admissible in the sense that 

snpp{ijj) d M = Ms = {m G Z : | exp(zm^) — 1| >5} 

for some standard 5 > 0. Indeed, using that the Fourier coefficients of 
(j)%v) — V are given by (exp(im^) — 1) • v{m) for every 2K < m < 2N, 
note that (j)^{v) ~ v implies that 

-K-l 

I exp(zm^) 

m=—N 

Now denoting M = *Mn ({-A^, -K - 1} U {iF+ 1,..., A^}), it follows 
from the transfer principle that | exp(im^) — 1| > <5 for all m G M, 
which in turn implies 

|'0(m)p < I exp(zm^) — Ip • |i)(m)p ~ 0. 

m£M m£M 

In order to conclude that n ~ 0, it suffices to observe that we already 
know that v{m) = 0 for all m ^ M as 'p'(m) = 0. Indeed this follows 


N 

— Ip • |'0(m)p + I exp(im^) — Ip • |i)(m)p ~ 0. 

m=K+l 
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by the same arguments that we used in the case of finite-dimensional 
nonlinearities to prove that the Floer strips live in finite-dimensional 
projective spaces, namely using Liouville’s theorem or the minimal sur¬ 
face property. □ 

10. Limited derivatives and existence of Floer strips 

After establishing the existence of fixed points of the time-one flow 
map of the nonlinear Schrodinger equation, in this last section we want 
to additionally use our results to prove the existence of Floer strips 
in the infinite-dimensional projective Hilbert space. Indeed we have 
already established that, for every n G N and every T G the 

map u = u^rp : *M x *[0,1] —)■ P(F) is near-standard, so that we can 
apply the standard part map to obtain a standard map °-u : M x [0,1] 
P(]HI) C P(F). On the other hand, note that the asymptotic condition 
and the first derivatives appearing in the Cauchy-Riemann equation 
are only to be understood in the non-standard sense. In particular, the 
map “u : M X [0,1] —>■ P(]HI) can in general not be assumed to be smooth 
in the standard sense, since the derivatives of the *-smooth map u a 
priori could have unlimited norm at every point. Applying the transfer 
principle to well-known fundamental properties of finite-dimensional 
holomorphic curves, we however can indeed prove that all derivatives 
are limited. 

Lemma 10.1. For every n G N and T G U {0} and every £ G N 
the i.th derivative of the map u = x *[0,1] —)■ P(F) has a 

limited norm at every point (s,t) G x *[0,1]. 

Proof. For the proof we use a non-standard version of the classical 
bubbling-off argument from ([12], chapter 4) together with elliptic 
regularity from ([12], appendix B). Apart from the fact that the 
a priori estimate for bubbling, the elliptic estimate used to bound 
higher Sobolev norms as well as the Sobolev embedding theorems have 
analogues for non-standard maps to the *-£nite-dimensional projective 
space P(F) by the transfer principle, the crucial observation for the 
proof is that the constants appearing in the used inequalities are still 
limited numbers. 

Step 1: Limitedness of du using bubbling-off 

Note that, while it follows from the transfer principle that the map 
u = Un,T ■ X *[0,1] — )■ P(F) is smooth and converging to the fixed 
point in particular, the supremum norm of its first derivative is 
hnite, this statement clearly only holds in the non-standard sense. In 
particular, we in general need to expect that this supremum norm 
is an unlimited *-real number. In order to show that the supremum 
norm of du is indeed limited, we essentially use that the energy E{u) 
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of u is strictly smaller than the minimal energy of a holomorphic 
sphere in P(F). 

To the contrary, assnme that Hrfhlloo = max{|(i'u( 2 ;)| : z G 

X *[0,1]} = C is an nnlimited *-real nnmber and choose Zq G *5^ 
snch that \du{zQ)\ = C. Note that, dne to the asymptotic condition, 
the maximnm mnst be attained in the interior of the strip and 
we assnme withont loss of generality that zq = (0,1/2). As in 
the classical bnbbling-off proof we dehne v : *B‘^{C/A) —)■ P(F) by 
v{z) := u{z/C + zq), snch that |dh(0)| = 1 and \dv{z)\ < 1 for all 
X G *i?^(C/4). Becanse C G was assnmed to be nnlimited, note 
that *B‘^{C/A) C * C is a disk of nnlimited radins; in particnlar, it 
contains the fnll complex plane C as a snbset. 

The crncial ingredient now is to nse the transfer of the a priori 
estimate from (lEl. lemma 4.3.1). First, by corollary 18.II we know that 
the energy of v we have 

f \dv{z)\‘^ = E{v) < E{u) < TT. 

On the other hand, since vr is the minimal energy of a holomorphic 
sphere in every hnite-dimensional complex projective space, after ap¬ 
plying the transfer principle we can employ the a priori estimate to 
conclnde that 

Mh(0)p < —^ \dv{z)\‘^^0, 

contradicting |dh(0)| = 1. 

Step 2: Bounds for the higher derivatives using elliptic regularity 

Since regnlarity is a local property, let us consider the restriction of 
M to a ball *i?^(l/4) of hnite radius which is located arbitrarily inside 
the strip x *[0,1]. Since the supremum norm of du is limited, 
it immediately follows from the limited area of *i?^(l/4) that the 
(l,p)-norm of the restriction of u is again a limited number. Here and 
below all norms are understood in the non-standard sense. 

As in the proof of ([ 12 ], theorem B.4.1) we get from the elliptic 
estimates that also the (/c,p)-norm of u is limited for every standard 
natural number k. For the induction step observe that the composition 
VGf o u has a limited {k — l,p)-norm if this holds for u and for 
every standard ^ the f'.th derivative of has a limited supremum 
norm. Apart from the fact that the derivatives of are limited 
by proposition 16.51 we use that the constants appearing in (ca. 
proposition B.4.9) are indeed independent of the dimension of the 
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underlying complex projective space, so that the elliptic estimate 
for holomorphic curves in P(F) holds with the same constant; in 
particular, the constant is again a limited number. 

Finally, after transferring the Sobolev embedding theorem, we get 
that the supremum norm of the £.th derivative of u is limited for every 
standard natural number Here we again observe that the appearing 
constant in (ca. section B.1.1) is independent of the dimension of the 
target manifold and hence is the same for *-£nite-dimensional target 
spaces by transfer. □ 

Using the limitedness of the non-standard derivatives oi u = v^j, ■. 

* M X *[0,1] —)■ P(F) we can now establish the existence of Floer strips 
in inhnite dimensions. More precisely, we prove 

Proposition 10.2. Distinguishing whether T G is limited or un¬ 
limited, we get the following two results: 

i) IfT is limited, then -u'® = := °vF^rp : M x[0,1] —)■ P(]HI) is 

smooth in the standard sense, satisfies the Floer eguation 0 = 

-f ■ 'VGtiu^), the boundary condition 0)) = 

and the asymptotic condition -u®(s, •) as s ^ 

±oo. 

ii) IfT is unlimited, then the shifted map u® = u® := — 

T, •) : Mx[0,1] —)■ P(]HI) is smooth, meets the boundary con¬ 
dition 0®0)) = 1) and satisfies the Floer eguation 

0 = du^ -\- ipoo{s) ■ ’VGtiu^), where (poo : M —)■ [0,1] is a smooth 
cut-off function with (poo{s) = 0 for s < —1 and (poo{s) = 1 
for s > 0. Furthermore, while we again have —)■ 

as s ^ —oo, towards -|-oo we only know that there exists a 
seguence (sk) of positive real numbers such that u^{sk, •) con¬ 
verges to a fixed point of the time-one flow map of the given 
nonlinear Schrodinger of convolution type. 

Proof. Since the norms of the hrst derivatives of u = : 

* M X *[0,1] —)■ P(F) have a limited uniform bound, we immediately get 
that u is Lipschitz continuous with a limited Lipschitz constant. But 
with this it is immediate to see that, after applying the standard part 
map, the resulting map °u : M x[0,1] —)■ P(]HI) is Lipschitz continuous 
in the standard sense, where the corresponding Lipschitz constant for 
°u is just the standard part of the Lipschitz constant for u. But this in 
turn immediately shows that °u is indeed continuous in the standard 
sense. 

Along the same lines we can even prove that °u is smooth in 
the standard sense. In the same way as the limitedness of the 
hrst derivative of u was used to prove continuity of °u, the latter 
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result proves that °u is t'-times continuously differentiable for all 
standard £ G N, i.e., smooth in the standard sense. In particular, it is 
immediate to see that the £.th derivative of h at (s, t) G * M x *[0,1] 
agrees, up to an inhnitesimal error, with the £.th derivative of °u at 
°(s, t) = (°s, °t) G M X [0,1]. 

While the boundary conditions are immediately clear, it still remains 
to show that satishes the corresponding Floer equation and meets 
the given asymptotic conditions. 

We start with the case that T is limited. In order to see that 
du + 99t(’S) ■ VGf(-u) = 0 implies that °-u : M x [0,1] —)■ P(]HI) satishes 
d°u + = 0, it suffices to use that the restriction 

of the hrst derivative of Gf to P(]HI) C P(F) agrees with the hrst 
derivative of Gt = Gf up to an inhnitesimal error. In the case when 
T is unlimited, note that the shifted map u{- — T, ■) satishes the Floer 
equation Bit + — T) ■ VGf (h) = 0. Since ipt{- — T) has support in 

[—1, 2T + 1] C * M with ipT{s — T) = 1 for s G [0, 2T], it follows that, 
after the restriction to M C *M, (Pt{- — T) has support in [— 1,+cxd) 
with v^r(’S) = 1 for all s > 0. 

For the asymptotic condition, note that in both cases, due to 
the hniteness of energy of h®, we know that dgU^ converges to 0 as 
s —)■ ±cxD. In order to show that this implies asymptotic convergence 
in the standard sense, it remains to employ nondegeneracy properties 
of the asymptotic orbits. Noting again that we may forget about 
frequencies m G Z with = 0 due to Liouville’s theorem, note 

that G P(]HI) indeed can be treated as a nondegenerate orbit as the 
eigenvalues of the resulting restriction of 0° are bounded away from 
one by the threshold 5 > 0. Note that here we crucially make use of 
the admissibility of 'll). 

While this proves the asymptotic behavior in the case when T is lim¬ 
ited, in the case when T is unlimited we still need to prove the asymp¬ 
totic convergence towards -|-cxd. Since for s > 0 the corresponding Floer 
strip satishes the Cauchy-Riemann equation with a Hamiltonian term, 
0 = (9-u®-|-VGt('u’®), we now expect to get convergence towards a hxed 
point of 01 = Bi °0i- While we can no longer expect to get the desired 
nondegeneracy by simply forgetting all frequencies with ij){m) = 0, 
the important observation is now that this form of nondegeneracy still 
holds up to finite dimensions. Indeed, as 'if){m) —)■ 0 as m —)■ cxd, it 
follows that there exists a hnite-dimensional subspace C El / C such 
that the eigenvalues of the restriction of the linearization of 0i to the 
complement C El / C are bounded away from one by 6/2. While 

this implies that 12^(5, •) indeed converges as s ^ -fcxD in all but hnitely 
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many dimensions, the existence of the seqnence (s^) and of the asymp¬ 
totic orbit can now be established as in the hnite-dimensional case, see 
e.g. mi, using Gromov compactness. □ 

11. Appendix: Non-standard model theory 

In this section we provide an outline of all the background and 
relevant dehnitions and statements about nonstandard analysis that 
the reader needs to know in order to follow the rest of the paper. 
Here we describe the original model-theoretic approach of Robinson 
m), outlined in the excellent expositions dU], dU as well as in [S], 
to which we refer and which shall also be consulted for more details 
and background. 

Believing in the axiom of choice it is well-known, see e.g. m, 
theorem 2.9.10), that there exist non-standard models of mathematics 
in which, on one side, one can do the same mathematics as before 
(transfer principle) but, on the other side, all sets behave like compact 
sets (saturation principle). The idea is to successively introduce new 
ideal objects such as inhnitely small and large numbers. The proof 
of existence of the resulting polysatured model is then performed in 
complete analogy to the proof of the statement that every held has an 
algebraic closure, by employing the axiom of choice. 

A model of mathematics V of a family of sets which is rich enough 
in order to do all the mathematics that one has in mind. Since for 
existence proof of non-standard models it is crucial that V is still a 
set in the sense of set theory, there are (abstract) sets which are not 
in V. Below we show how to dehne such a set V which contains all 
mathematical entities that we need for our proof. For most of the 
upcoming dehnitions and theorems on the general background on model 
theory we refer the reader to [m as well as [8]. The hrst dehnition is 
taken from the appendix in ([m, section 2.9). 

Definition 11.1. A sequence V = (14)neN of hierarchically ordered 
sets Vn, n Efi is called a model if the elements in Vn are sets formed 
from the elements in Vq, ..., lA-i? he., 14 C fp(Vo U ... U 14-i) and 
Vq, called the set of urelements, does not contains elements from higher 
sets, he., Vq n lJn>i K = 0- 

By choosing the model V = (14)neN large enough, one can ensure 
that the model contains all mathematical entities that one wants to 
work with. Apart from assuming that every subset formed from ele¬ 
ments in Vo, • • •, 14-1 is in 14, below we show explicitly that for our 
proof it turns out to be sufficient to take the real numbers as urele¬ 
ments, i.e., 14 = M. 
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Definition 11.2. We call V = (i4)neN the standard model if the 
urelements are the real numbers, Vq = M, and the model is full in the 
sense that Vn = ^(Vq U ... U Ki_i). 

In what follows, let V = (I4)neN denote the standard model. As 
discussed in ([H], 2.9), it follows that 

OO 

I/(M) = IJ 14(M) with I4(K) = MUI4 for all n e N 

72=0 

is the superstructure over the real numbers in the sense of (HH, 
definition 2.1.1) and ([S], definition 15.4). Note that, for n > 1, we 
have for every full model that I4_i C I4. 

Since in analysis one considers sets of functions which themselves can 
be viewed as sets built from the real numbers, the superstructure over 
the real numbers contains all mathematical entities that one needs to 
do analysis, see (0, section 15B). In particular we claim 

Proposition 11.3. The standard model V = (Vn)neN contains (iso¬ 
morphic copies of) all mathematical entities that we need in order to 
formulate and prove our non-squeezing theorem. 

Proof. Instead of trying to give a proof listing all mathematical entities 
that will ever occur, we rather give the recipe and discuss the most 
important examples. This said, the proof of our proposition mostly 
relies on the following observation: 

If a and b are sets in Vn, then every function f : a ^ b is an ele¬ 
ment 0/14+2 and every set of functions f : a ^ b is an element 0/I4+3. 

For this it suffices to observe that, in set theory, a function f : a ^ b 
is identified with the subset {{x,f{x)) : x G a} of a x 6 and for each 
X ^ a, y E h the tuple (x, y) is defined as the set {x, {x, y}}. 

In order to see that all mathematical entities that we need are in the 
standard model, let us give the most relevant examples. 

• First, since Vb = M, it follows that M as well as all its subsets 
like N, Z are elements in 14. 

• Since tuples (ri,..., r„) of real numbers can be written as sets 

of tuples {(ri, 1 ),..., (r„, n)}, we see that they are elements in 
V3 and hence = C"" belongs to V4. The same holds true for 
the subsets B‘^^{r) and and all other subsets. 

• By identifying each separable real Hilbert space El with the 
space = £^(C) of square-summable series of complex numbers 
and using that every series of complex numbers is given by 
a function / : N —)■ C, it follows that all elements in El are 
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elements in V 5 and El as well as all its subsets are elements in 
^ 6 - 

• Every Hamiltonian function H and its symplectic gradient 
as well as every linear complex structure belong to Vg. 

• Since the dual spaces of the linear spaces living in Vq consists 
of functions, they hence belong to Vg. 

• A linear symplectic form is an element in Vn- For this it does 

not matter whether we view it as a linear map from the linear 
space to its dual space (a; : El —)■ El*) or as a bilinear map on the 
linear space {u : -)■ -)■ M, using that x e V7). 

• An almost complex structure J, i.e., a complex structure on 
the tangent bundle, is a function from the space to the set of 
linear complex structures. Since the latter is an element of ¥ 7 , 
it follows that J is again an element of Vg. 

• Since the space of almost complex structures belongs to lAo, it 
follows that every one-parameter family J : t 1-4 of almost 
complex structures is an element of V 12 . 

• Every J-holomorphic map h is a map between sets belonging to 
Vg and hence belongs to Vg. Note that, although the dehning 
almost complex structure only appears in Vn for n > 9, the 
moduli space is a subset of the set of all maps and hence, by 
fullness of the model, is also an element in V 7 . 

□ 

In order to show that Floor’s existence result of symplectic hxed 
points and pseudo-holomorphic strips indeed continues to hold in 
inhnite dimensions, we will use that, by abstract model theory, his 
statement also holds in the non-standard model which we are going to 
discuss below. To make the underlying transfer principle precise, we 
quickly recall all the necessary background from hrst-order predicate 
logic that is needed. 

The idea is that, just like all mathematical entities that we need 
are contained in the standard model V = (I4)neN, all statements that 
we will transfer can be formalized in hrst-order logic, that is, they are 
sentences in the language Cy for our standard model V. In the same 
way as the details in the precise dehnition of models are not ultimatively 
important in order to understand the strategy of our proof, we continue 
to recall all needed foundations from logic for the sake of completeness 
of the exposition. For the following dehnitions we continue to refer to 
the appendix in m, section 2.9) as well as ([S], section 15B). 

Definition 11.4. The alphabet of the language Cy of the model 
V = (VV)nGN consists of the logical symbols V, 3, =, E, a countable 
number of variables, the elements in V^oo ■= UneN^ Parameters, 
and auxiliary symbols like parentheses. 
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Definition 11.5. A sentence in the language Cy of the model V = 
(Ki)nGN is build inductively from the following rules: 

i) If a, b E V^oo, then a Eh and a = h are sentences in Ly. 

ii) If A and B are sentences in Cy, then A\J B and -^A are sen¬ 
tences in Cy. 

iii) Let A be a sentence in Cy and a,b E V<oo are parameters in 
Cy. If X is a variable not occurring in A, then 3x E aAb{x) is 
a sentence in Cy, where Ab{x) is obtained from A by replacing 
each occurrence of the parameter b in A by the variable x. 

Every A{x) = Ab{x) as in part iii) with a free variable x is called a 
formula in Cy. Furthermore, for every parameter a E Kcoo, by A{x){a) 
we denote the new sentence in Cy obtained by replacing the variable x 
by the parameter a. 

Whether a sentence A holds true in the model V, written V \= A, is 
decided using the usual interpretation for sentences in set theory, see 

([n],2.9), m, 15B). 

Using the axiom of choice one can prove that there exists a so-called 
non-standard model in which the same mathematics hold true but in 
which every set from V can be viewed as a compact set. More precisely, 
after reformulating m, theorem 2.9.10), we have the following 

Theorem 11.6. Given the standard model V = (14)nGN there exists 
a corresponding non-standard model W = together with an 

embedding * : U<oo —t lU<oo respecting the filtration, i.e. *n ■ Vn ^ Wn, 
satisfying the following two important principles. 

• Transfer principle: If a sentence A holds in the language Cy 
of the model V, V \= A, then the corresponding sentence *A, 
obtained by replacing the parameters from V by their images in 
W under holds in the language Cw of the model W, W \= *A. 

• Saturation principle: If {ai)i^i is a collection of sets in W, 
indexed by a set I in V, and satisfying fl ... fl 7 ^ 0 for 
all ii, ■■■ ,in E b, n E N (finite intersection property), then 
also the common intersection of all Oi, i E I is non-empty, 

riiG/ 7^ 0 - 


Proof. Since in the references the theorem is not precisely stated in 
the above form, let us quickly describe how it can be deduced from 
[n]. In m, theorem 2.9.10) it is claimed that there exists a so- 
called monomorphism from the superstructure U(M) over M into the 
superstructure V (* M) over the set * M of non-standard real numbers. 
The latter are defined explicitly as equivalence classes of sequences of 
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real numbers using the axiom of choice in (im, dehnition 1.2.3). Note 
that by m, dehnition 2.4.3 and remark 2.4.4) the property of the 
map * : V (M) —)■ l/(* M) being a monomorphism is equivalent to the 
transfer principle, in particular, the latter indeed implies that * respects 
the hltration. On the other hand, the fact that the formulation of the 
saturation principle given here is equivalent to the dehnition in m, 
dehnition 2.9.1) is proven in ([H], theorem 2.9.4), noticing that, by 
the dehnition of the cardinal number k~^ appearing in ([H], theorem 
2.9.10), every set in V is K+-small. Since the saturation property is 
only assumed when all sets ai, i & V are internal in the sense of 
(HI], dehnition 2.8.1), that is, when they are elements in the *-image 
*14(M) C Vn{* M) of the set 14(M) G 14+i(IR), we follow the strategy in 
the appendix of (HD, section 2.9) and dehne the non-standard model 
hh = (114)neN by setting 114 := *14 for all n eN. In particular, every 
set in the non-standard model W = (114)neN is internal. □ 

In what follows we follow the usual conventions and write *a := *{a) 
for every set a G 14oo\14 and identify a := *{a) for every urelement 
a G Vg = M. 

Definition 11.7. A set a is called 

i) internal if a E lh<oo, 

ii) standard if a = *b := *{b) E W^oo for some b G 14oo- 
hi) external if a is not internal. 

We start with some immediate consequences of the transfer principle, 
see m, proposition 2.4.6). 

Proposition 11.8. Let a,b be sets in 14oo- Then we have 

i) a = b if and only if *a = *b, 

ii) a E b if and only if *a E *b, 

hi) a C b if and only if *a C *b, 

iv) f a ^ b if and only if*f : *a —)■ *b. 

These in turn lead to the following 

Corollary 11.9. It follows 

i) * : 14 oo —t 14<oo is an embedding. 

ii) For every set b G 14oo we have that *[ 6 ] := {*a : a E b} G *b. 
hi) For every function f : a ^ b we have that *f:*a^ *b is an 

extension of f in the sense that for all c E a we have *(/(c)) = 
(*/)(*c) G *b. 

Examples: 

i) Since -f is a function from M x M to M, it follows that *-l- is a 
function from *M x*M to with *r* -t- *s = *{r + s) for all 
a, 6 G M. 
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ii) Since the symplectic form a; on El is a map from El x El to M, 
its x-image *u: is a map from *EIx*EIto*M which agrees with 
cjonEIxEIC *EIx*EI. Analogous statements hold true for 
the inner product (•, •) and the complex structure Jq on El. 
hi) Since, for all n G N and all A; G N, we know that X]i=i 
a function from to M”, it follows that, now even for all 

n G and all /c G *Ym=i ^ function from to 

* M” with * for all /c G * N. 

iv) Since every sequence s = (s„)„gN of natural numbers is a 
function from N to M, it follows that its *-image *s is a 
function from * N to * M with *s„ = *(s„) for all n G N. 


We make the following 

Convention: If no confusion is likely to arise, we make the conven¬ 
tion to identify each standard set b G V^oo with *[ 6 ] C *& G hh<oo- In 
particular, we have M C * M and N C * N. 

Indeed it is true that the saturation principle implies that the non¬ 
standard model W = (14A)„eN is (much) larger than the standard 
model V = (14)neN- For the next statement we refer to ([H], proposi¬ 
tion 2.4.6) and f[TT]. proposition 2.9.7). 

Proposition 11.10. We have the following dichotomy: 

i) If b E V<oo has finitely many elements, then its *-image *b G 
hh<oo consists of the *-images of its elements, 

*{ai,...,aj = {*ai,...,*aj. 

ii) If b E 17<oo has infinitely many elements, then its *-image *b E 
fF<oo contains b as a proper subset, 

*[b] ={*a:aEb}C *b. 

In particular, it follows from ii) that * : V^oo —t hF<oo is a proper 
embedding. 

Proof. While the part i) follows from the transfer principle after observ¬ 
ing that the equality b = {oi,..., a„} can be incoded into the sentence 
aG 6 <t^a = aiV...Va = a„in Cy, for part ii) consider the collection 
of sets (aj)jgfe given by Oj := for i E b. While it easy to see 

that they have the hnite intersection property, fl ... fl 7 ^ 0 for 
alHi, • • • , in G 6 , n G N, every element in a* 7 ^ 0 is an element of 
*b\b. Note that, while in part i) the hnite intersection property fails, in 
part ii) the transfer principle cannot be applied as the corresponding 
sentence would have inhnite length, which is forbidden. □ 
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In particular, one can show that * M, the set of *-real (or hyperreal or 
non-standard real) numbers, contains inhnitesimals as well as numbers 
which are greater than any real number. 

Proposition 11.11. The saturation principle implies the existence of 
the following ideal objects. 

i) There exist r G *M\{0} such that |r| < 1/n for every standard 
natural number n G N. Any such r G (including r = Q) is 
called inhnitesimal and we write r ^ 0. 

ii) There exist r G such that |r| > n for every standard natural 
number n G N. Any such r G * M is called unlimited. Any 
r G which is not unlimited is called limited. 

iii) A number r G * M is limited if and only if it is near-standard 
in the sense that there exists a standard real number s G M with 
r — s ~ 0. For every near-standard r G * M we call °r := s G M 
the standard part of r. 

iv) Any limited n G * N is standard. 

Proof. For the dehnitions we refer to (HH, dehnitions 1.2.7 and 1.6.9). 
Since the existence of inhnitesimal and unlimited numbers is the key 
reason why to care about non-standard analysis, let us give the short 
proof: Dehne for every n G N the sets a„ := {r G * M : 0 < |r| < 1/n} 
and := {r G : |r| > n}. Since the corresponding collections 
of sets obviously have the hnite intersection property, we hnd that 
rinsN rinGN SiTe uou-empty and any element in these sets has 

the desired properties. For the third part we refer to m, proposition 
1.6.11). Part iv) follows from the observation that there are only hnitely 
many natural numbers smaller than a given one, so the =t:-image of the 
corresponding set does not contain any new elements. □ 

Remark 11.12. Along the same lines we have: 

i) Similar statements clearly hold when *'R is replaced by * M” for 
some standard n G N. In particular, for every limited r > 0 
every point on *S"'~^{r) c * M” is near-standard, i.e., *S'”'“^(r) 
is obtained from S'"“^(r) by adding points which are infinitesi¬ 
mally close. 

ii) In the same way as * M contains much more elements than M 
itself, the non-standard extension *M of M is a much larger 
space than El itself. 

In (HU , theorems 1.6.8 and 1.6.15) it is shown that limited and inhni¬ 
tesimal numbers furthermore have the following nice closure properties. 

Proposition 11.13. We have 

i) Finite sums, differences and products of limited numbers are 
limited. 

ii) Finite sums, differences and products of infinitesimal numbers 
are infinitesimal. 
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iii) The product of an infinitesimal number with a limited number 
is still infinitesimal. 

iv) The standard part of a sum, difference or product of two lim¬ 
ited numbers is the sum, difference or product of their standard 
parts. 

One of the main benefits of non-standard analysis is that the clnmpsy 
e-formalism can be avoided by introducing inhnitesimals and unlimited 
*-natural numbers. For the following proposition we refer to m, 
theorem 1.7.1). 

Proposition 11.14. A sequence (sn)neN converges to zero, Sn —t 0, as 
n ^ oo if and only if sn ■= *sn ~ 0 for all unlimited G * N \ N. 

Since convergence in metric spaces is dehned by requiring that 
the distance between points converges to zero, the above result 
immediately generalizes to all metric spaces. 

Apart from showing that the non-standard model contains inhnitely- 
large numbers, the saturation principle immediately leads to the fol¬ 
lowing, even more surprising fact, see (HU, theorem 2.9.2). 

Proposition 11.15. For every standard set b G P<oo there exists a 
non-standard set c G which contains all elements of a, i.e., a & b 

implies *a G c, and which is *-£nite in the sense that there is a bijection 
from c to an internal set {n ^ * N : n < N} for some iV G * N. 

Since a subset of a finite set in the standard model V = (14)neN is 
again a hnite set, this seems to lead to an obvious logical contradic¬ 
tion. However, since the transfer principle only applies to subsets of 
*-hnite sets which belong to the non-standard model, i.e., are internal 
themselves, the logical paradoxon is resolved in the following 

Proposition 11.16. For every infinite set b G P<oo; the corresponding 
proper subset b = *[b] = {*a : a G &} of *b is external. For example, M 
and N are external. In particular, the non-standard model is not full, 
W"n£^(W"oU...UfF„_i). 

For the short proof we refer to (HU, proposition 2.9.6). 

Remark 11.17. In an analogous way we will prove in the next sub¬ 
section that every infinite-dimensional (separable) Hilbert space El is 
contained in a *-finite-dimensional Euclidean vector space F of some 
unlimited but *-finite dimension N G *M\M. The infinite-dimensional 
Hilbert space El is not a *-finite-dimensional Euclidean vector space 
itself, but is only contained in some space which behaves as if it were 
finite-dimensional. 

The fact that every internal set containing an inhnite standard set 
as a subset must be strictly larger leads to the so-called spillover prin¬ 
ciples, see (HU, theorem 2 . 8 . 12 ) 
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Proposition 11.18. Let b denote an internal subset 0/* M. If b con¬ 
tains all standard real numbers r G M (greater than a given real number 
R eM.) then b must contain an unlimited real number. 

While these results are satisfactory from the theoretical point of view, 
for practical purposes it is rather important to know which subsets of 
an internal set in the non-standard model are still internal themselves, 
so that statements can be proven for them by applying the transfer 
principle. Since in applications one is almost exclusively interested in 
subsets which can be defined by requiring that their elements have a 
specihc property, the following positive result originally due to Keisler, 
(i, theorem 15.14), see also ([H], theorem 2.8.4), is sufficient for all 
our purposes. 

Proposition 11.19. (Internal Definition Principle) Every definable 
set belongs to the non-standard model W = (Ihn)neN ? that is, for every 
formula A{x) in Cw the set {a G hh<oo : W \= 7l(a;)(a)} is internal. 

In particular, every hnite subset of an internal set is internal. 
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